
I 
I. A \  

c 

f . . 
i' 

i 

(THRUI - (CODE) 

. 



, I 

, / . I  * . 
,, 

ABSTRACT 
. .  /d3dY 

The maximum ve loc i ty  of f r a c t u r e  i n  an homogeneous i s o t r o p i c  

e l a s t i c  medium under pure shear stress and with an added compressive 

stressfis computed by an extension of Yoffe’s  method. 
e 

1 

T h e  maximum 

ve loc i ty  of shear  f r a c t u r e  i s  smaller  than t h e  v e l o c i t y  of t r ans -  

verse  waves i n  the medium.. I t  inc reases  a s  Poisson’s  r a t i o  inc reases  

and decreases  a s  t h e  compressive stress increases .  The maximum 

v e l o c i t y  of pure shear  f r a c t u r e  i s  higher than t h e  v e l o c i t y  of pure  

t e n s i l e  f r a c t u r e  i n  khe same m e d i u m .  For a medium w i t h  Poisson’s  

r a t i o  of 0.25 t h e  former i s  0.775 and t h e  l a t t e r  i s  0.631 of t h e  

- 

t r ansve r se  wave ve loc i ty .  f + f h I t B R  

. 

nd 
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INTRODUCTION 
. -  

The geographical  d i s t r i b u t i o n  of  t h e  sense of f i r s t  motions 

from earthquakes s t rong ly  suggests  t h a t  a sudden shear ing motion. 

t akes  p l a c e  a t  the earthquake focus. The a c t u a l  mechanism a t  the 

focus i s  no t  known, b u t  t h e  shear ing motion could poss ib ly  be caused 

by rup tu re  of  t w o  types ,  a )  by t h e  reopening by r e l a t i v e  motion of  

two s i d e s  of a fused f a u l t  or b )  by t h e  shear  f r a c t u r e  ( p a r t i c l e  

motion p a r a l l e l  t o  f r a c t u r e  sur face  and normal t o  f r a c t u r e  f r o n t )  

of  an unbroken medium. 

a t  a f i n i t e  ve loc i ty .  Because of u n c e r t a i n t i e s  about t h e  m a t e r i a l s  

and t h e  n a t u r e  of  fus ion ,  t h e o r e t i c a l  determinat ion of t h e  v e l o c i t y  

of  reopening of fused f a u l t  is d i f f i c u l t .  The determinat ion of t h e  

v e l o c i t y  of shear  f r a c t u r e  of an unbroken medium i s  more t r a c t a b l e .  

Press, Ben Menahem and Toks6z (1961) and Ben-Menahem and Toks6z 

(1962)  have computed a f a u l t  l eng th  and rup tu re  v e l o c i t y  by two 

d i f f e r e n t  methods from an a n a l y s i s  of su r face  waves. I n  t h i s  paper  

we conf ine  ourse lves  t o  studying t h e o r e t i c a l l y  t h e  stress d i s t r i b u -  

t i o n  a t  t h e  head of a moving shear  f r a c t u r e ,  with and without super- 

In  e i t h e r  case  the rup tu re  would t r a v e l  

- 

imposed compression, and t o  see how the stress d i s a i b u t i o n  a sets 

an upper l i m i t  t o  the v e l o c i t y  of  shear  f r a c t u r e  propagation. 

then  ob ta in  the,  maximum ve loc i ty  of  shear  f r a c t u r e  under va r ious  

cond i t ions .  

W e  

\ 
The t h e o r e t i c a l  maximum v e l o c i t y  of  propagation of  t e n s i l e  

f r a c t u r e s  was determined by Yoffe (1951). She fourLd t h a t  a f r a c t u r e  
- 



l o s e s  energy by branching a f t e r  a t t a i n i n g  a v e l o c i t y  equal  t o  0.6 

of t h e  t r ansve r se  wave ve loc i ty .  A more gene ra l  , a n a l y s i s  
. .  

has  been given by- Bi lby and BullocG'ri (1954) ,  who der ived  t h e  expres- 

s i o n s  f o r  t h e  stress d i s t r i b u t i o n  around t h e  head o f  a f r a c t u r e  

propagat ing i n  an e l a s t i c  medium under an appl ied  stress Pij .  

Craggs (19603. has  t r e a t e d  the  problem of a growing semi - in f in i t e  

f r a c t u r e  i n  which an i n t e r n a l  stress follows t h e  f r a c t u r e  f r o n t .  

McClintock and Sukhatme ( 1 9 6 0 ) ,  Earenb la t t  and Cherepanov (1961) ,  

and F i e l d  and Baker (1962) have s tud ied  

shear  f r a c t u r e .  - 

t h e  problem of l o n g i t u d i n a l  

- 

STRESS D I S T R I B U T I O N  

The propagating f r a c t u r e  h a s  been t r e a t e d  by Yoffe (1951) and 

by Bilby and Bullough (1954) a s  a d i s turbance  of cons t an t  l eng th  

t h a t  moves ac ross  an e l a s t i c  medium. 

on reg ions  i n  t h e  immediate v i c i n i t y  of  t h e  f r a c t u r e  f r o n t ,  t h e  

e f f e c t  of  t h e  t a i l  end of  t h e  stress d i s t r i b u t i o n  near  the f r o n t  

I f  a t t e n t i o n  i s  concentrated 

- _ -  w i l l  -4 7 be  smaii .  Keter r ing  t o  Figure 1, t h e  f r a c t u r e  f r o n t  extends 

from -&a t o  Do along t h e  z a x i s .  

x d i r e c t i o n  with a v e l o c i t y  of c. 

f r a c t u r e  sur face .  

s u r f a c e  i s  assumed t o  be plane and f r i c t i o n l e s s ,  

n o t a t i o n  of S i l b y  and Bullough (1954) Pi, i s  de f ined  a s  the appl ied  

stress t e n s o r ,  

we seek t o  determine. 

The f r a c t u r e  propagates i n  t h e  

The y a x i s  i s  normal t o  t h e  

The length  of  t h e  f r a c t u r e  i s  2a. The f r a c t u r e  

Following t h e  

a s  t h e  stress around the f r a c t u r e  f r o n t  which 

~f t h e  app l i ed  stress Pi, i s  removed then 
and P i j  



3. 

gc 

Problem I1 
- 

P r o b l e m  I11 

(3) 

W e  a r e  p r imar i ly  i n t e r e s t e d  o ~ l y  i n  Problem I (pure shear  f r a c t u r e )  

and i n  Problem I1 ( t e n s i l e  f r a c t u r e ) .  By symmetry we may conf ine  

ourse lves  t o  t h e  half-space y ) O .  The boundary condi t ions  f o r  y=O 

i n  th i s  h a l f  space a r e  given by 

Prob lem I Shear stress 

Problem I1 Tens i l e  stress 

pfl = -T for  -a 2x1 <a 

pxy = 0 for  a l l  x '  

v = o for  ) x l /  >a 



where 

Sne re  u and v a r e  t h e  displacements i n  t h e  x and y d i r e c L '  Lions 
... 

r e spec t ive ly .  . .  

L e t  a p o l a r  coord ina te  system ( r , C )  be def ined  such t h a t  x' -a = 

r cosF3, y = r s i n $ .  

r ( r /a<<i )  and d i f f e r e n t  q ' s ,  i n  t h e  neighborhood of t h e  f r a c t u r e  

Then pij can be obtained f o r  a small  constant  

f r o n t .  P a r t  of t h e  s o l u t i o n  obtained by Yoffe (1951) and Bilby and 

Bullough (1954)  i s  given below. The shear  stress a t  t h e  f r a c t u r e  

f r o n t  i s  given by 

Problem I 

c = f r a c t u r e  v e l o c i t y  

- 7  - d i l a t z t i s n  wave v e l o c i t y  

p =  (1 - cz/c;,+ 

H = -2Y+ (1 +pz j /2$-  

B;= t a n  -I (YtanO) 

e2= t a n  ( ? t a m  ) 

KO= s m a l l  a r b i t r a r y  cons tan t  

2. 
N = -(1 + ,!'3)/r+ 4 ? / ( 1  + pa) 

c.1 - 
I 
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I n  t h e  case  of a shear  f r a c t u r e  i n  a medium under compression, 

we assume t h a t  t h e  compressive stress i s  appl ied  normal t o  t h e  f rac-  

t r u e  sur face .  While phys ica l ly  i t  may be d i f f i c u l t  t o  imagine a 

pu re ly  compressive f r a c t u r e ,  mathematically it i s  p o s s i b l e  t o  calcu- 

l a t e  t h e  stress pij i n  such a ca se  by simply i n v e r t i n g  t h e  s ign  of 

T i n  P rob lem 11. The s t r e s s e s  b. could then be i n t e r p r e t e d  a s  due 
I j  

t o  t h e  imposi t ion of t h e  compressive stress on a medium i n  which 

a f r a c t u r e  i s  a l r eady  propagating because of a d i f f e r e n t  appl ied  

stress. I n  our case, t h e  compressive stress -T i s  appl ied  t o  a med- 

ium i n  which a shear  stress S i s  a l ready  causing a shear  f r a c t u r e  

t o  propagate.  Therefore ,  for a combination of  Problems I and I i  
- 

t h e  shear  stress i n  t h e  neighborhood of  ‘ the f r a c t u r e  f r o n t  i s ,  by 
- 

supe rpos i t i on ,  

. .  . - . (9)  
A s  we a r e  p r i m a r i l y  i n t e r e s t e d  i n  shear  f r a c t u r e s  -T/S i s  always 

41. The w e l l  known transformation r e l a t i o n s  ( D u r e l l i  e t .  al.(1958) 

are then  used t o  o b t a i n  prr, pee, bre i n  p o l a r  coord ina tes  from 

PXXl P y y l  Pxy. 
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RESULTS 

The independent va r i ab le s  i n  t h e  expressions . (7)  , (8) and 
. .  

( 9 )  a r e  t h e  Poisson ' s  r a t i o  C (which determines t h e  r a t i o  c , /c2)  

t h e  r e l a t i v e  f r a c t u r e  v e l o c i t y  c/c2 t h e  r a t i o  of compressive t o  

shear  stress -T/S, and t h e  angle e. 

express ions  were computed on t h e  R i c e  Un ive r s i ty  computer. 

The s o l u t i o n s  p. for a l l  t h r e e  

One 

ij 

s o l u t i o n  of Problem I1 served a s  a check by making it p o s s i b l e  t o  

compare our r e s u l t  wi th  t h a t  of  Yoffe (1951). For pure ly  t e n s i l e  

f r a c t u r e s  i n  a medium of Poisson 's  r a t i o  0.25, t h e  maximum f r a c t u r e  

v e l o c i t y  i s  given by-Yoffe t o  be 0 . 6 ~ ~  a s  compared t o  our r e s u l t  
- 

of  0.631~ The d i f f e r e n c e  i s  due t o  t h e - g r e a t e r  p r e c i s i o n  of  our 

computation, For a medium of Poisson ' s  r a t i o  0.25, our values  o f  

5 for pure t e n s i l e  and p u r e  shear  f r a c t u r e s  a l s o  agree with those  

obta ined  by Craggs (1960) .  

i 

The v a r i a b l e s  i n  t h e  expressions ( 7 ) ,  (8), and ( 9 )  were var ied  

r f r o m  0.10 t o  0 . 3 0 ,  c/c2 from 0.20 t o  i n  t h e  following ranges: 

1 - 0 0 ,  -T/S f r o m  0.00 t o  1.00, Q from 0' t o  90'. 

of curves i s  presented i n  Fig.  2 f o r 6 = 0 . 2 5  and -T/S = 0. 

shows t h e  set  of curves  f o r C =  0.25  and -T/S = 0 .6 .  

d e a l i n g  with shear  f r a c t u r e s  it i s  reasonable  t o  assume t h a t  t h e  

f r a c t u r e  w i l l  propagate i n  the  d i r e c t i o n  i n  which t h e  shear  stress 

A t y p i c a l  set  

Fig. 3 

S i n c e  we a r e  

pre i s  maximum,, For l o w  values of c/c2 the maximum occurs  a t  
- 

e = O o ,  and t h e  f r a c t u r e  propagates i n  a s t r a i g h t  l i n e .  

crease of v e l o c i t y  t h e  r e l a t i v e  amplitude of  the maximum dec- ,eases  

u n t i l  a t  a c e r t a i n  va lue  of  c/c2, 

With in- 

brg shows no v a r i a t i o n  Over a 
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no p r e f e r r e d  d i r e c t i o n  of propigat ion.  Therefore i t  i s  c o ~ s i d e r e 2  

t h a t  t h e  f r a c t u r e  w i l l  form branches. The a v a i l a b l e  ecergy of rke 

f r a c t u r e  formation w i l l  then be d iv ide2  and t k e  f r a c t u r e  w i l l  slow 

down t o  a value l o w e r  than t h e  c r i t i c a l  branching ve loc i ty .  

process  w i l l  be repeated for each of t h e  branches. 

can never exceed t h e  c r i t i c a l  branching v e l o c i t y  cb-  

t h e  v a r i a t i o n  of 

f o r  C= 0.25 and f o r  differenE -T/S. 

v e l o c i t y ,  which i s  t h e  maximm v e l o c i t y  of shear  f r a c t u r e ,  a r e  qiver! 

i n  Table 1 f o r  d i f f e r e n t  an6 -T/S za t io s .  O n e  n o t i c e s  t h a t  t h e  

branching v e l o c i t y  inc reases  as  Doisson's r a t i o  inc reases  and 2 s  

t h e  conpressive stress decreases.  

v e l o c i t y  f o r  pure ly  t e n s i l e  f r a c t u r e s  i f  given i n  Table 2 .  

can be seen t h a t  f o r  t h e  same medium t h e  branchin2 v e l o c i t y  f o r  a 

pu re  shear  f r a c t u r e  i s  higher khan a p r e  t e n s i l e  f r a c t a r e .  

T % ~ S  

T h u s  t h e  f r a c t u r e  

Fig. 4 skows 

bre with 8 ,  a t  t'ne c r i t i c a l  branching v e l o c i t y ,  

Values of t h e  c r i t i c a l  b ranchi rg  

c 
- 

For comparison t h e  branchir,g 

I t  

D i S C L S S I O X  . 

Some of t h e  assumptions used in obta in ing  values  f o r  t h e  maxi- 

mum v e l s z i t y  of  shear  f r a c t u r e s  a r e  f a r  removed from r e a l i t y .  A 

-,.i - > .  - -  -.- ---- - - - -  z t - ~ ~ : r s  can maintain a constz-2t length  only i f  t h e  nediun 

k e ~ > s  c ~ . . , ~ ; . ~ s z ~ ; y  a r ' ~ e r  the t a i l  en8 of t h e  f r a c t u r e .  T h i s  i s  obvicus- 

ly p 3 y s i c a l l y  ixposs ib l e .  Eowever, r%e r e s u l t s  obtziin& s h a - ~ i i  s t i l l  

be v a l i d  as we a r e  p r imar i ly  concerned with t h e  stress i n  L'---- L _ _ -  &A?,- ' -  

x e d i a t e  v i c i n i t y  of t h e  f r a c t u r e  f r o n t ,  which i s  f a r  removed f r o n  



8. 

the t a i l  end. Secondly p l ane  f r i c t i o n l e s s  f r a c t u r e  s u r f a c e s  do 

no t  e x i s t  i n  nature .  Any shear movement along a r e a l  f r a c t u r e  w i l l  

-. 
I _  

b r i n g  opposing f r i c t i o n a l  fo rces  i n t o  play.  It appears however, 

t h a t  the opposing f r i c t i o n a l  forces  w i l l  only a f f e c t  the$ magni- 

tude  of S, the appl ied  shear  stress. From expression (7 )  it i s  

apparent  t h a t  this w i l l  no t  a f f e c t  t h e  stress d i s t r i b u t i o n .  The 

. maximum f r a c t u r e  v e l o c i t y  of  pure shear f r a c t u r e  i s  t h e r e f o r e  

unaf fec ted  by f r i c t i o n a l  forces .  Our r e s u l t s  appear t o  be confirmed 

for shear f r a c t u r e s  i n  t h e  earth. I n  t h e  case  of the Chilean 

e a r t h w k e  of 1960 Press, e t  a1 (1960) have found a rup tu re  velo- 
-_ 

c i t y  near  the v e l o c i t y  of  t r ansve r se  waves i n  c r u s t a l  rocks.  S i m i -  

l a r  r e s u l t s  w e r e  obtained by Ben Menahem and Toksbz (1962)  i n  the 

case of the Mongolian earthquake of 1957. 
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Figure 4 Shear stress P d i s t r i b u t i o n  a t  the f r o n t  of 
re -_ 

shear  f r a c t u r e  a t  branching v e l o c i t y ,  f o r  d i f f e r e n t  values  

of compressive shear  stress r a t i o .  

t h e  medium is 0 .25 .  

The Poisson 's  r a t i o  of 

... 
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